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Abstract. In the literature, the Linnik distribution together with the Mittag-Leffler
one are presented as physically relevant examples of geometric stable distributions.
The geometric stable distributions are especially useful in modeling leptokurtic data
with heavy-tailed behavior. They have found many interesting applications, including
physical phenomenon and finance. In this paper, we define the Linnik Lévy processes
(LLP) through the subordination of the stable Lévy motion by the gamma process.
We discuss main properties of LLP like probability density function and corresponding
Lévy measure. We consider also the governing fractional-type Fokker-Planck equation.
Further, a generalization of the introduced process is also discussed.
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1. Introduction

In the literature the Linnik distribution together with the Mittag-Leffler one are
presented as the most known examples of geometric stable distributions. The geometric
stable distributions belong to the family of leptokurtic probability distributions. One
can see the link between stable (called also Lévy stable or a—stable) distributions and
the geometric ones. One of the most important property of stable distribution is as
follows: if Xi, Xs,..., X, are independent, identically stable distributed, then its sum
Y =a,(X;+ Xo+ ...+ X,) + b, has the same distribution as X;s for some constants
a, and b,. For the geometric stable distribution we have the similar property: if
X1, Xs,..., X, are independent, identically geometric stable distributed and N, is a
random variable independent on X;s having geometric distribution with parameter p,
then the sum Y = an, (X1+Xs+...4+ Xy, )+by, approaches the distribution of X;s when
p tends to zero, [1]. The geometric stable distributions are considered as an alternative
for the stable ones, which have the features making them suitable for many real data.
One of the classical application of stable-based processes are financial markets. In
most of the cases the financial data exhibit so-called heavy-tailed behavior therefore the
stable-based processes seem to be more appropriate than the Gaussian-based systems.
As it was shown in [2] the geometric stable distribution was selected as the best to the
Yen exchange rate description. Since the geometric stable distributions arise as the sum
of random variables, they naturally arise in many real problems [3,4] and are especially
important in modeling heavy-tailed data, when the considered process can be analyzed
as a sum of independent observations when their number is also random. This effect is
often observable in financial phenomenon [1].

The Linnik distribution (called also a Laplace distribution) is a special case of the
geometric distributions. It was introduced by Ju.V. Linnik in [5] and is widely studied
by many authors, see e.g [6-8]. The distribution function of Linnik random variable is
not given in the closed form and hence it is generally defined in term of characteristic
function (c.f.). If X is the Linnik-distributed random variable then its c.f. is defined by

X 1

ox(u) =E(e )—m,0<a<2. (1)
The presented above c.f. can be viewed as a generalization of the well-known Laplace
(double exponential) c.f. ¢(u) = 1/(1 + u?) for the case a = 2, see, e.g. [9]. Since
Linnik distributions are infinitely divisible [10] one can define a continuous time Lévy
process for these distributions. In the literature Linnik Lévy processes (LLPs) are
also called geometric stable processes (GSP), see e.g. [11,12]. Per our knowledge, the
explicit expressions for the probability density function (PDF), Lévy measure, governed
fractional Fokker-Planck equation as well as the tail behavior for the LLP are not
available in the literature. Our paper fills that gap, generalizes and complements the
results available on Linnik distribution and processes in different directions.
On one hand, the LLP is a process of stationary independent increments having Linnik
distribution. On the other hand the LLP can be represented as the subordination
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of the stable Lévy motion by the gamma process, called gamma subordinator. In
general, the idea of subordination was introduced in 1949 by Bohner [13] and is based
by changing the time of a stochastic process by some other process which is generally a
non-decreasing Lévy process, called subordinator. The theory of subordinated processes
is explored in details in [14]. The subordinated processes were studied in many areas of
interest, for example in finance [15-20], physics [21-24], ecology [25], hydrology [26] and
biology [27]. In the literature one can find different examples of subordinated processes.
One of the classical one is the variance gamma process known also as the Laplace
motion [28,29]. The variance gamma process was applied in different fields however the
classical applications are financial data. It arises as the Brownian motion with drift
subordinated by the gamma process. Thus the LLP can be considered as the extension
of the popular subordinated process and thus can find even more applications than the
classical process. In this paper we demonstrate also how to generalize the LLP to the
more general Lévy processes which can be used to description of heavy-tailed behavior.
The rest of the paper is organized as follows: in section 2 we introduce the LLP process
as the subordinated stable Lévy motion delayed by gamma process. In the following
subsections we present the main properties of the introduced process, like probability
density function and Lévy measure, governing fractional-type Fokker-Planck equation,
tail behavior and fractional moments. In section 3 we generalize the LLP process through
replacement of the gamma process by general Lévy subordinator. We present also main
properties of the generalized process. Last section concludes the paper.

2. Linnik Lévy Process (LLP)

Before we define the Linnik Lévy process we remind the definition and main properties
of the Stable Lévy motion and gamma Lévy process, two processes used to the LLP
construction.

2.1. Stable Lévy motion

A stable distribution is also called an a-stable or a Lévy stable. Probability density
function (PDF) of stable distribution does not possess closed form except for three
cases (Gaussian, Cauchy and Lévy). Therefore it is more convenient to express stable
PDF in term of its characteristic function (or Fourier transform). A random variable
X is said to follow stable distribution with parameters «, B , v and o if its characteristic
function ¢(u) satisfies [30]

—o|u|*[1 — ifsign(u) tan(4*)] +ipu, ifa#1
—olul[l + ’L'Bsign(u)% In |u|] + ipu, ifa=1,

log ¢(u) = logE (e"**) = { (1)

where a € (0, 2] is the stability index, Be [—1, 1] is the skewness, p € R is the location
(or shift) and o > 0 is the scale. For aw = 2 the stable random variable is Gaussian. In
this paper we consider the special symmetric case, namely § = pu = 0.
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A stable Lévy motion S(t), t > 0 has stationary independent increments with S(t)—S(s)
(t > s) having stable distribution with parameters a, o = (|t — s/)¥/® and 8 = p = 0.
Further, the characteristic function of S(t) [30] is given by

E(e"50) = ™" a € (0,2),¢ > 0,u e R @)

For large z right tail of the stable Lévy motion for 0 < ao < 2 behaves [30]

P(S(t) > x) ~ Cutz™, (3)
where .
1—a .
0. = | Te-ajeos(F)’ ifao#1 "
%7 fa=1.

It is worth to highlight some crucial properties of the process S(¢). One of them is
self-similarity property, which means all finite-dimensional distributions of {S(at),t > 0}
agree with those of {a'/*S(t),t > 0}. Moreover, distribution of the S(t) is self-
decomposable, which means that its Lévy measure has a certain form

k(x)
i’ S(dx) = —
|z
with the function k(z) which is decreasing on (0, 00) and increasing on (—oo,0). More
details one can find in [31]. Using self-similarity property of stable Lévy motion and [32],
p. 583, one can show the marginal PDF of the process S(t) in series form is given by

C(ka+1) t* k
_Z 1)kt OH_ ) sin(mg), ifreR 0<a<l1

fant) = - (5)

(k 1 k
L Z k+1$tk/axkl sin (%) , freR, 1<a<?2.

For o = 2, the stable Lévy motion reduces to standard Brownian motion while for o = 1
it is known as Cauchy process. Thus we have

1 —x?/2t _

1) = NorTd 2tz eR, a=2 (©)
t 1
R reR, a=1.

2.2. Gamma process

The gamma Lévy process G(t), t > 0 (called simple gamma process) has independent
increments of gamma distribution, i.e. G(t) — G(s) ~ Gamma(\, f(t — s)), where a
random variable Y is said to have Gamma(, 8) distribution if its PDF has the form

23

B—1_,—Xy
—y" e Y,y > 0.
I'(8)

fY(y) =
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Further, the Laplace transform (LT) of G(t) is given by

Be) - (135) "

For g > 0, the g-th order moment for G(t) is

r
BG()") = oA ®)

The Lévy density for gamma process is, [31]
ma(z) = ge_’\x. (9)

2.83. Main properties of LLP

In this subsection first we define Linnik Lévy process by subordinating a stable Lévy
motion with the gamma process. Both processes and their properties were introduced
above. Note that, the representation of LLP through the subordination scenario is
very helpful in deriving the properties of the LLP (in general) and Linnik distribution
(in particular). This way we generalize and complements the results obtained on
Linnik distribution in different directions. After presenting the definition we give main
properties of introduced process.

The LLP denoted by X (t) is defined by

X(t) = S(G(t)), t>0, (10)

where S(t) and G(t) are independent stable and gamma Lévy processes, respectively.
Using a standard conditioning argument with (2) and (7), it follows

. 4 . A\ Bt
E(ewX(t)) - K (IEJ (ezuS(G(t))‘G(t))) - K (e—G(t)\UI ) - ( > ) (11)
A+ |ul®
For A = =t = 1, the characteristic function of X (¢) given in (11) reduces to the
characteristic function of Linnik distribution given in (1).

Probability density function and Lévy measure of LLP

Let us denote f(x,t) as the marginal PDF of stable Lévy motion S(t). For g = 1, LLP
is a stochastically self-similar process with self-similarity parameter 1/« with respect
to the family of negative binomial Lévy processes. This follows using the fact that the
LLP is obtained by subordinating the stable Lévy motion, which is self-similar with
index 1/«, with a gamma process which is stochastically self-similar with respect to the
family of negative binomial Lévy processes (see Proposition 4.2 in [33]). The PDF of
process X (t) can be represented by

h(z,t) = /0 f(z,y)g(y,t)dy, z € R, t > 0.
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Moreover, the Lévy measure mx for X (¢) can be written as [34]

= /Ooo [z, y)ma(y)dy. (12)

Using Gaussian PDF (i.e. stable with a = 2), the Lévy measure for X (¢) for @ = 2 can
be calculated explicitly as follows

B / " fay)maly)dy = e Mdy

1 2 f3
e 2y —
\2my Y

y 32" +2/\y)dy (substitute y =

ﬁ T —1/2 1 1
_ ( ) / 2_3/26_5$m(;+z)d2
V21 \V2A 0

3 L\ 12 B s
(ﬁ) Koap(avay) = e,

where K, (w) is the modified Bessel function of third kind with index v, defined by [35]

2)

8-
>

1 [ —1
K, (w) = 5/ 2’ e 2@ g W > 0. (13)
0

,7'[' —w
Kl/Q((U) = K,l/Q(UJ) = %e .

For 0 < a < 1, using (5) and (12), it follows

B k+1 1+ ka) . [(mak
= Z xka)\k sin | —— ). (14)

Further,

For a =1,

5/ s
= — dy ~ — 00.
T Jo x2+y? Y™ ez BT

For 1 < a < 2, the Lévy density seems difficult to write in a closed form and can be
represented in the integral form given in (12). However, an asymptotic form for mwx(z)
for a € (1,2) can be found by using (3), (9) and (12). It is given by

x () ~ /\ﬂl“(l + a) sin(ra/2) 11+a as x — oQ. (15)

For asymptotic behavior of Lévy density as x — 0T, see [11].

Proposition 2.1. For a € (0,2) the PDF h(xz,t) of X(t) can be represented as

h(z,t) = )\—ﬂtRe /OO e ds, x >0 (16)
’ T 0 ()\+ Saeiwa/2>6t ’ ’
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Proof. By Fourier inversion formula, we have
M8t oo e tux A3t o cosux A\t oo gluw
h(x,t) = — ——du = — ——  du = —R —d
(.6 = 5 /_oo Ot [ ™~ /0 O tu)i ™~ 7 e/o Ot ue)pe
(17)

Now let us consider the complex region Sgp = {u=r+is:|u| < R, r >0, s > 0}. Sg
is the portion of the disc of radius R in the positive quadrant. The function (A + u®)?
is analytic in Sg. By Cauchy integral formula, we have

elux
———du=0.
%951{ (A + u)bt !

S
\\CR
O R T

Figure 1. Contour Cj.

Let Cp={u=r+is:|ul=R,r >0,s > 0}, then we have

/R elire dr + / eiuz J /R ST d 0
—ar . au — - 1as = U.
0 ()\ + Ta)ﬁt On ()\ + ua),Bt 0 ()\ + Saezﬂ*a/2>ﬁt

The integral along C'r tends to 0 as R — oo and hence

/oo ei'm: d /oo e~ 5% d
= ar = - 1as.
0 ()\ + Toz)/o’t 0 ()\ + Saema/Q),Bt

Using (17) the result follows. O

Remark 2.1. For A\ = =t =1 the PDF h(x,t) takes the form
1 ) je—s% 1 00 ie—sx(l + Sae—iﬁa/2)
h(z,1) = —-R —— —ds = —R . d
(ZE, ) T 6/0 (1+Saezﬂa/2) s T 6/0 |1+Sa€zﬂa/2|2 o

_ sin(ma/2) /°° e g™
0

T |1+Sa6iﬂa/2|2 ok

which is the Linnik PDF, see e.g. [36].

Remark 2.2. For a =2, the PDF h(z,t) represents symmetric variance gamma PDF
and is given by
Mt

N
h(x,t) = \/%F(ﬁt) <\/ﬁ> K/Bt_f_l/g(flf\/ﬁ), r € R. (18)
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Next we discuss the asymptotic behavior of the marginal PDF of X (¢). It is required
to use the following theorem given in [37].

Theorem 2.1. [37] If the characteristic function ¢(u) for a random variable X is
absolutely integrable and can be decomposed into the form

O(u) = dr(u) + ¢2(u) + @3(u),

where
M-1 J) L)
e Y An(iu)", d(u) = e”“iul”Z Z " Byalul™(isgn (w)*(nful)l, p> M, r >0,
m=0 j=0 k=0 1=0

and ¢gj)(u) 18 absolutgly integrable for j = 0,1,2,--- N and N is the smallest integer
>p+gr+1, also qﬁgf)(u) — 0 as u — +o0 for j =0,1,2,--- | N, then the PDF fx(s)
has the following asymptotic expansion as |x| — oo

J K@) | LG
fx () ~ |p+1 > ZBﬂdal (z+p+ 1)yl (19)
7=0 k=0
1 .
5 {Z e %wrsgn( )(z+p+1)_i_(_l)ke%mrsgn(y)(Z—I-p—l-l) :| +O(‘fL’|_N>
z=jr,y=x—n

(20)

Proposition 2.2. The PDF h(x,t) of LLP X (t) has following asymptotic expansion as
|z| — o0

J

B, t) = ——— 3 (—1) (ifﬁ) me cos ((5sen (2) G+ o+ 1)) +O(lal ™),

(21)
where N is smallest integer > (J + 1)a + 1.

Proof. Note that the characteristic function of LLP X (¢) can be decomposed as

. B |ua _ﬁt_ 00 ; Bt‘f‘]_l |u|a J Vo
¢X(u,t)_(1+T) —Zo(_1)< ; ><T) Ju) < A

J

R )

j=J+1
«Q > : a\ J
1)+ Bt + 5\ [u|* i(PE+T =1\ [yl
Ll z (7 v X (M) ()
¢1(u) . j=J+1 J

P2 (u) #3(u)
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Using, Theorem 2.1, it follows that n = 0,p = a,r = o, K(j) = 0, L(j) = 0. Thus as
|z| — oo we obtain

J

het) = 2y Sy (Ve )

7r|x|ett = Jj+1 pYAR
1

. 5 [e—igsgn (z)(jota+1) + e—i%sgn (a:)(joa-i—oz—i—l)} + O(|x|_N),

which concludes the proof. O]

Governing fractional-type Fokker-Planck equation
In this part we discuss shortly the governing fractional-type Fokker-Planck equation
(FFPE) for the one dimensional density h(z,t) of the process X (t). Recall the definition
from [38] of the so-called shift operator e %, p € R which is given by

)j

ey =S T iy - p), per

=

We denote operator (—A)* a € (0,1) as the fractional Laplacian, which gives the

standard Laplacian when a = 1 [39]. The fractional Laplacian of order a ((—A)* )
can be defined on functions g : R — R as a Fourier multiplier given by the formula

F((=A)9))(u) = [u**F(g)(u).
Proposition 2.3. The one dimensional PDF of LLP satisfies the following FFPE
A1 — e #)h(z, 1) = —(A,)*2h(z, 1), h(z,0) = do(). (22)

Proof. Taking Fourier transform with respect to the space variable denoted by F, in
left hand side of the equation (22) we obtain

£ ()\(1 B 6_%3,5)}1(%75)) = A1-— e‘%at) (L)Bt

A+ |ule
A\ Bt A\ Bt—1
=\ —A = —|u|*Fp(h(x,t)).
() () - eemees
By inverting the Fourier transform one can obtain the desired result. O]

Tail behavior of LLP
Proposition 2.4. The tail of the distribution for X (t) has following asymptotic behavior
T

P(X(t) > x) ~ %F(a) sin (7> x~%, asx — oo. (23)

Proof. Using (21) one can obtain

J . .

1 - (Bt+i\Tja+a+1) ., . /7 . _

Mz, ) = WZHW(HJ%% “sin (oG +1)) + 0)
Jj=0

I513 _ <7T0z> o
/\Wf(a—l—l)sm 5 )* :

The result follows by using L’Hopital rule. O
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Remark 2.3. One can also derive the tail behavior by using a conditioning argument
and the identity I'(a)I'(1 — a) = ——— with (3), such as (see [40])

sin(mar)

P(X(t) > z) =E(P(S(G(t)) > z|G(t))) ~ Cox “E(G(t)) = e, (_103338(@)%1’_&
Bt 1 o Bt sin(ra) _, Bt (TN,
T A20(1—a) Cos(%)x B EF(Q)ZCOS(%):U B EF(&) S (7) v

Remark 2.4. Using the fact that K,(w) ~ \/Ze“w™"? (see [41]) as w — oo, taking
under consideration (18) for oo =2 we have

1/ 2\ P2
P(X(t) >z) ~ 5 (5) eV s w5 0. (24)
Fractional moments of LLP

In this part we discuss the fractional moments for LLP. As it can be expected, the
fractional moments of LLP are strictly related to fractional moments of stable and
gamma distributions. The moments of stable distribution are discussed in [42].

Proposition 2.5. For 0 < ¢ < a < 2, the fractional moments of LLP have following
form

F(ﬁt + Q/CY) )\—q/a

EX(t) = c4a NED

where .
_2r(5hra - 1)

Cpo = (25)
! L1 —=Hr)
Proof. Using self-decomposability of symmetric stable distributions, it follows
21T (H (1 — ¢
ES9(t) = il - R
r'-9Hre)
Using above expression and (8) with
EX1(t) = ESY(G(t)) = EGY*(t)ES(1),
the result follows. O

Remark 2.5. Using Stirling’s formula ="T'(z+71)/T'(z) ~ 1 as  — oo, one can obtain
the asymptotic behavior of fractional moments for LLP, such that

EX(t) ~ coa) Y(Bt)7, ast — oco. (26)
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3. Generalization of LLP

Linnik Lévy process can be generalized if we apply the general Lévy subordinator
(hereafter referred to as the subordinator) in place of a gamma subordinator in (10).
We remind, the subordinator is strictly increasing Lévy process of positive values [31].
The general subordinator D,(t), t > 0 has the following LT (see 31, Section 1.3.2], [44])

E[e *Ps] = ¢79() 5 > 0, (27)

where

g(s) = bs+ /000(1 —e (dx), b>0,s >0, (28)

is the Bernstein function. The g¢(s) function is called the Laplace exponent of the
subordinator. Here b is the drift coefficient and v is a non-negative Lévy measure on
positive half-line such that

/Ooo(x A 1v(dx) < oo.

The assumption v(0,00) = oo guarantees that the sample paths of D,(t) are almost
surely (a.s.) strictly increasing.
The Generalized Linnik Lévy process (GLLP) we introduce by subordinating a
symmetric stable Lévy motion with the general Lévy subordinator. Thus, the GLLP
X,(t) is defined as

X,(t) = S(D, (1)) (29)

where S(t) and D,(t) are independent stable Lévy motion and Lévy subordinator with
LT given in (27), respectively. Using a standard conditioning argument with (2) and
(27), it follows

E(e"*W) = E [E (e3P Dy(1))] = E [e " PO] = exp (—tg(lu*)).  (30)

Below we present examples of the Lévy subordinator {D,(t), t > 0}.

Example 3.1 (Gamma subordinator). Let {G(t), t > 0} be the gamma subordinator
described in the previous sections. In this case the corresponding Laplace exponent is
given by
g(u) = plog(l+u/X),u > 0. (31)
Example 3.2 (a-stable subordinator). Let {Dgs(t), t > 0},0 < & < 1 be the a-stable
subordinator with LT
Ele~*Pa®] = ¢=" 4 > 0.

The corresponding Laplace exponnet is given by
g(u) = u® u>0. (32)

The stable Lévy motion time-changed by an independent a-stable subordinator is defined
as

{(xO®)} = {S(Da(t)), t = 0}.
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Example 3.3 (Tempered d-stable subordinator). Let {D(t), t >0}, 1> 0,0 <a <1
be the tempered a-stable subordinator with LT

E[e*uDg(t)] — o t((atw—a%)
The corresponding Laplace exponent is given by

g(u) = (f+u)* — i%,u > 0. (33)

We consider the stable Lévy motion time-changed by an independent tempered a-stable
subordinator, defined as

{X® ()} = {S(D5(t)), t >0},

Example 3.4 (Inverse Gaussian subordinator). Let {IG(t), t > 0} be the inverse
Gaussian subordinator with LT (see [31, Example 1.3.21])

E[efuIG(t)] — e_t(é(\/Qu-i-’Yz_'Y)) 57 > 0.

)

The corresponding Laplace exponent is given by

g(uw) = (5(v2u+72 = 7)) ,u>0. (34)

Consider the stable Lévy motion time-changed by an independent inverse Gaussian
subordinator, defined as

{(x®(0)} = {suc(), t > 0}.

In the next part of the paper we present main properties of the GLLP defined in (29).
Proposition 3.1. For a € (0,2) the PDF hy(x,t) of X,(t) can be represented as

1 & Oé 177(1
hy(x,t) = —Re/ ie e 9™ g > 0, (35)
T 0
provided the function e=*9"") is analytic in Sk given in Fig. 1.

Proof. By Fourier inversion formula we have

1 [~ 1 [~ o
hy(x,t) = %/ e~z =to(ul™) gy = 7T/0 cos(ux)e 9 dy,

™

1 > a
= —Re/ T et gy, (36)
0

Consider the complex region Sg = {u =r+is:|u| < R, r >0, s > 0} (see Fig. 1). If
the function e (%) is analytic in Sz. By Cauchy integral formula, we have

% ezux ftg du _ O
0Sp
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Let Cr={u=r+is:|ul=R,r >0,s >0} (see Figure 1), then we have
R ' R s
/ e et gy +/ e et gy —/ e 5Tt N0 = 0,
0 Cr 0
The integral along C'g tends to 0 as R — oo and hence
R R ‘
/ et g = / e~5Te (s ™) g
0 0

Using (36) the result follows. O

Proposition 3.2. The one dimensional PDF of GLLP satisfies the following FFPFE

O ol 1) = 000y, ), hy(a,0) = dofa), (37)

where Y(s) = g(|s[*).

Proof. Taking Fourier transform with respect to the space variable denoted by F, in
left hand side of the equation (37),

9 _ 0 g
F, (athg(a:,t)> = 8156
= —g(Jul*)Fs (he(x,1)).

By inverting the Fourier transform one can obtain the desired result. O]

Remark 3.1. We can derive the tail behavior of the GLLP by using a conditioning
argument and the identity U'(a)I'(1 — a) = Sntray With (3), such as (see [40])
P(Xy(t) > ) = E(P(S(Dy(t)) > 2[Dy(t))) ~ Caz™"E(Dy(t))
B (1—a)
- 20(2 — «) cos(Z2)
1
=E(D,(t @
(D ))QF(l —a) cos(%)x
_ E(Dg(t))F(a) sin(ma)
s 2 cos(%)
E(D,(t))

— ['(a) sin (%) x %

E(D,(t))2"

—Q

Proposition 3.3. For 0 < g < a < 2, the fractional moments for GLLP have following
form

EX(t) = cg o B[DY(1)],

where ¢y is gievn in (25).
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Proof. For symmetric stable process one has
ES(t) = cgal?*,

with ¢, given in (25). Using self-similarity of the stable distribution and the above
expression, we obtain

EX9(t) = ESU(Dy(t)) = E[DY*(#)]ESU(1) = c o E[DY(t)].

Law of iterated logarithm

Definition 3.1. We call a function 1 : (0,00) — (0,00) regularly varying at 0+ with
index v € R (see [45]) if
. ()
lim

r—0+ l(:E)

=\, for A > 0.

We first reproduce the following law of iterated logarithm (LIL) for the subordinator
from [45], Chapter III, Theorem 14.

Lemma 3.1. Let D,(t) be a subordinator with E[e=*Ps®W] = e~ where g(s) is
reqularly varying at O+ with index v € (0,1). Let g=% be the inverse function of g
and

loglogt
k(t) = <t).
®) gt 'loglogt)’ (e <?)
Then Dt
lim inf #i)) =v(1—v) s (38)

We next prove the Law of iterated logarithm for the GLLP.

Theorem 3.1 (Law of iterated logarithm). Let the Laplace exponent g(s) of the
subordinator {D,(t)}1>0 be regularly varying at 0+ with index v € (0,1). Then, for
0 < a <2 we have

X, (t
fim inf ﬁ = v (1 =) S s,

where loglog
0g log
k(t) = t >
®) g 1 (t'loglogt) (t>e),

and S(t) is the stable Lévy motion with stability index .

Proof. Since S(t) £ t1/28,(1), we have

X(t) = S(Dy(t)) £ (Dy(1)S(1).
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Note that D,(t) = oo, a.s. as t — oo (see [31], Section 1.5.1). Consider now,
o X)L S(Dy(t)
MR Ghey e~ MR G e

g D)°S()
IO

= 5(1) (htrgglf %é?)l/a, a.s.

= S (1 — )T e) g s

/\/-\

where the last step follows from (38). O

Remark 3.2. The results in this section hold for general subordinator. However, the
law of iterated logarithm results is true for only those subordinators for which the
corresponding Bernstein function is regularly varying (see Definition 3.1) with index

€ (0,1). In case of gamma subordinator, the corresponding Bernstein function (see
(81)) g(u) = Blog(1 4+ u/N),u > 0 is reqularly varying with index v = 1. Therefore, the
law of iterated logarithm can not apply to LLP. Moreover, the corresponding Bernstein
function of the tempered a-stable subordinator and the inverse Gaussian subordinator
are regularly varying with index v = 0 and v = 1, respectively. However, the
corresponding Bernstein function of the a-stable subordinator is regqularly varying with
index v =a € (0,1), therefore the LIL is applicable in this case.

4. Conclusions

In this paper we have considered the LLP defined through the subordinated stable Lévy
motion delayed by the gamma process. The LLP can be considered as the extension of
the variance gamma process, known also as the Laplace motion. The variance gamma
process was applied in various fields including physics and finance. On the other hand
the introduced process is a process of independent stationary increments having Linnik
distribution, one of the most physically relevant example of geometric stable distribu-
tion. In this paper we have demonstrated main properties of the LLP, like probability
distribution features and law of the iterated logarithm. Finally, we have generalized
the LLP to the more general Lévy processes which can be used to the description of
heavy-tailed data.
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